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EXISTENCE OF GOOD MODULI SPACES FOR Ak-STABLE CURVES
JAROD ALPER AND DAVID SMYTH∗
ABSTRACT. We prove a general criterion for an algebraic stack to admit a good moduli space. This
result may be considered as a weak analog of the Keel-Mori theorem, which guarantees the existence
of a coarse moduli space for a separated Deligne-Mumford stack. We apply our result to prove that
the moduli stacks of A−k /Ak/A
+
k -stable curves admit good moduli spaces. In forthcoming work, we
will prove that these moduli spaces are projective and use them to construct the second flip in the log
minimal model program forMg .
1. INTRODUCTION
This is the second in a sequence of three papers, in which we construct the second flip in the
log minimal model program for Mg. In this paper, we prove that the moduli stacks Mg,n(Ak),
Mg,n(A
+
k ) (introduced in [ASvdW10]) admit good moduli spaces Mg,n(Ak), Mg,n(A
+
k ) for k =
2, 3, 4, and (g, n) ≥ (3, 0) or (g, n) ≥ (1, 1).1 In a forthcoming paper, we will prove that these mod-
uli spaces are projective and interpret them as log canonical models of Mg,n. In the special cases
k = 2, 3 and n = 0, these spaces have been constructed using Geometric Invariant Theory (GIT) by
Hassett and Hyeon in [HH09], [HH08], but there is no known GIT construction of the remaining
moduli spaces. Thus, this paper gives the first intrinsic construction of a moduli space associated
to non-separated stack. The moduli spacesMg(A4) andMg(A
+
4 ) are of particular interest because
they constitute the “target” and “flipping space” respectively of the second flip of the log minimal
model program forMg. In Section 3, we prove the following result:
Theorem A. Mg,n(Ak) andMg,n(A
+
k ) admit good moduli spacesMg,n(Ak) andMg,n(A
+
k ) respectively.
Mg,n(Ak),M g,n(A
+
k ) are proper algebraic spaces.
In order to prove Theorem A, we develop an intrinsic technique to prove the existence of good
moduli spaces that may be considered as an analog of the Keel-Mori theorem for algebraic stacks.
Recall that the Keel-Mori theorem [KM97] asserts that ifX is a separated Deligne-Mumford stack, then
X admits a coarse moduli space. Our main technical result is proven in Section 2:
Theorem B. Let X be an algebraic stack of finite type over k. Suppose that:
(1) For every closed point x ∈ X , there exists an affine, e´tale neighborhood f : [SpecAx/Gx] → X of x
such that
(a) f is stabilizer preserving at closed points of [SpecA/Gx].
*The second author was partially supported by NSF grant DMS-0901095 during the preparation of this work.
1Throughout this paper, whenever we writeMg,n(A
−
k ),Mg,n(Ak), orMg,n(A
+
k ), we always assume k = 2, 3, 4,
and (g, n) ≥ (3, 0) or (g, n) ≥ (1, 1).
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(b) f sends closed points to closed points.
(2) For any k-point x ∈ X , the closed substack {x} admits a good moduli space.
Then X admits a good moduli space.
Sketch of proof. In order tomotivate the hypotheses of Theorem B as well as our argument, it will
be useful to sketch a proof of the Keel-Mori theorem [KM97] in the case where X is a separated
Deligne-Mumford stack of finite type over an algebraically closed field k of characteristic 0. In this
case, every closed point x ∈ X admits an e´tale neighborhood of the form
[SpecAx/Gx]→ X ,
where Ax is a finite-type k-algebra and Gx is the stabilizer of x. The union
∐
x∈X [SpecAx/Gx]
defines an etale cover of X ; reducing to a finite subcover, we obtain an atlas f : W → X with the
following properties:
(1) f is affine and e´tale,
(2) W admits a coarse moduli spaceW .
Indeed, (2) follows simply by taking invariants [SpecAx/Gx]→ SpecA
Gx
x and since f is affine, the
fiber productR :=W×XW admits a coarse moduli spaceR. We may thus consider the following
diagram:
(1.1) R
p1
//
p2
//
ϕ

W
f
//
φ

// X
R
q1
//
q2
// W
The crucial question is: can we choose f : W → X to guarantee that the induced projections
q1, q2 are etale? If so, then R ⇒ W defines an e´tale equivalence relation, and the algebraic space
quotientX gives a coarse moduli space forX . The answer, of course, is yes because X is separated.
Indeed, the condition that X is separated implies that the atlas f may be chosen to be stabilizer
preserving.2 Thus, we may take the projections R⇒ W to be stabilizer preserving and e´tale, and
this implies that the projections R⇒W are e´tale. 3
Now let us ask whether this proof can be adapted to construct a good moduli space when X is
an Artin stack of finite type over an algebraically closed field k. The first complication that arises
is the following:
Question. Does any closed point x ∈ X admit an etale neighborhood of the form [SpecAx/Gx]→ X
This is an open problem [Alp10, Conjecture 1], but if we make the mild assumption that X is a
global quotient stack of a normal scheme by a connected algebraic groupwith reductive stabilizers
2The set of points ω ∈ W where f is not stabilizer preserving is simply the image of the complement of the open
substack IW ⊆ IX ×X W in W and therefore is closed since IX → X is proper. By removing this locus from W ,
f :W → X may be chosen to be stabilizer preserving.
3To see this, note that if r ∈ R is any closed point and ρ ∈ R is its preimage, then ÔR,r ∼= D
Gρ
ρ , where Dρ denotes
the miniversal form deformation space of ρ and Gρ is the stabilizer of ρ; similarly ÔW,qi(r)
∼= D
Gpi(ρ)
pi(ρ)
. Now pi e´tale
impliesDρ ∼= Dpi(ρ) and pi stabilizer preserving impliesGρ
∼= Gpi(ρ), so ÔR,r
∼= ÔW,qi(r), i.e. qi is e´tale.
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at closed points, then the desired e´tale neighborhoods exist (Proposition 2.1). Precisely as in the
case of the Deligne-Mumford stack, we thus obtain a coverW → X satisfying properties (1)-(2)
above, except that we must replace “coarse moduli space” by “good moduli space.” Exactly as
in the case of the Keel-Mori theorem, if the projections q1, q2 define an etale equivalence relation,
the resulting algebraic space quotient X will be a good moduli space for X . The natural question
is therefore: What hypotheses must be imposed on X or the presentation f : W → X to ensure
an e´tale equivalence relation? More precisely, can we identify a sufficient set of hypotheses which
can be directly verified for geometrically-defined stacks, such asMg,n(Ak) andMg,n(A
+
k )?
Our result gives at least one plausible answer to these questions. With notation as in Diagram
1.1, whereW → W and R → R are now good moduli spaces, let us examine what conditions are
necessary to conclude that q1, q2 are e´tale. One difficulty is that f :W → X need not be stabilizer-
preserving, since X is a non-separated algebraic stack. A second difficulty is that if ω ∈ W is a k-
point with imagew ∈W , then the formal neighborhood ÔW,w can be identifiedwith the invariants
DGωω of the miniversal deformation space if and only if ω ∈ W is a closed point. Thus, if r ∈ R is
any k-point, then for q1, q2 to be e´tale at r, or equivalently for the induced maps ÔW,w → ÔR,r to
be isomorphisms, we must manually impose the following conditions: p1, p2 should be stabilizer
preserving at ρ and p1(ρ), p2(ρ) should be closed points, where ρ ∈ R is the unique closed point
in the preimage of r ∈ R. We have now identified two key conditions that will imply that R⇒ W
is an e´tale equivalence relation:
(⋆) The morphism f :W → X is stabilizer preserving at closed points.
(⋆⋆) The projections p1, p2 :W ×X W send closed points to closed points.
Condition (⋆) is precisely hypothesis (2a) of Theorem B. In practice, it is difficult to directly
verify condition (⋆⋆), but it turns out that it is implied by conditions (2b) and (3), which are often
easier to verify.
Our main application of Theorem B is to construct the goodmoduli spaces for the moduli stacks
of curves Mg,n(Ak),Mg,n(A
+
k ) (Theorem A). Indeed, using our explicit classification of closed
points ofMg,n(Ak),Mg,n(A
+
k ) and the e´tale local VGIT description of the inclusionsMg,n(A
−
k ) →֒
Mg,n(Ak) ←֓ Mg,n(A
+
k ) [ASvdW10, Section 7], we can directly verify hypotheses (1a), (1b), and
(2) of Theorem B. The interested reader who wishes to understand the geometric significance of
these hypotheses is urged to read Appendix A, where we have included three examples of moduli
stacks of curveswhich fail to satisfy (1a), (1b) and (2) respectively. Studying these examples should
convince the reader that if one thinks of a moduli stack of curves M as given by “crushing” a
certain subcurves Z(C) of each stable curve C , then hypotheses (1a), (1b) express (very roughly)
the following conditions,4 which are easily seen to hold for the subcurves that we replace in our
definitions ofMg,n(Ak),Mg,n(A
+
k ).
(1a) The subcurve Z(C) should be Aut(C) invariant.
(1b) If C ❀ C ′ is a specialization of stable curves, then a component of C is in Z(C) if and only
if its closure is contained in Z(C ′).
4Significantly, these are precisely the defining conditions of the extremal assignments occurring in the combinatorial
classification of stable modular classifications [Smy09].
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Condition (2) is rather different; roughly speaking, it asserts that for any k-point x ∈ X , the closed
substack {x} should look like the quotient of an affine scheme by a reductive group.
Notation. We assume throughout that k is an algebraically closed field of characteristic 0 and that
all algebraic stacks are quasi-separated. A curve is a reduced, connected, 1-dimensional scheme of
finite type over k. ∆ will always denote the spectrum of a valuation ring R with field of fractions
K , and we let 0 ∈ ∆ denote the closed point and η ∈ ∆ the generic point. We will also use the
following definitions:
Definition 1.1. Let f : X → Y be a morphism of algebraic stacks of finite type over k. We say that
• f sends closed points to closed points if for every closed point x ∈ X , f(x) ∈ Y is closed.
• f is stabilizer preserving at x ∈ X (k) if AutX (k)(x)→ AutY(k)(f(x)) is an isomorphism.
• f is stabilizer preserving if IX → IY ×Y X is an isomorphism.
Definition 1.2. If φ : X → X is a good moduli space, we say that an open substack U ⊆ X is
saturated if φ−1(φ(U)) = U . This is equivalent to requiring that the open immersion U →֒ X sends
closed points to closed points.
Definition 1.3. LetX be an algebraic stack of finite type over k and x ∈ X (k). We call f : (W, w)→
X an e´tale GIT presentation around x if
• W = [SpecA/Gx] where A is a finite type k-algebra and Gx is linearly reductive.
• f :W → X is an e´tale, affine morphism with f(w) = x.
• f is stabilizer preserving at w ∈ W .
We say that X admits e´tale GIT presentations if there exist e´tale GIT presentations around all closed
points x ∈ X (k).
2. PROOF OF THEOREM B
Existence of e´tale GIT presentations. We begin by including the following application of Sum-
ihiro’s Theorem [Sum74] and Luna’s E´tale Slice Theorem [Lun73]. This argument appeared in
[Alp10, Theorem 3] but given it’s importance to the main results of this paper and it’s simplicity,
we include the proof.
Proposition 2.1. Let X be an algebraic stack finite type over k, and suppose that X is a quotient stack
[X/G] where G is a connected algebraic group acting on a normal separated scheme X. If x ∈ X (k) has
linearly reductive stabilizer, there exists a locally closed Gx-invariant affine W →֒ X with w ∈ W such
that
[W/Gx]→ [X/G]
is affine and e´tale. In particular, if X has linearly reductive stabilizers at all closed points x ∈ X (k), then
X admits e´tale GIT presentations.
Proof. By applying [Sum74, Theorem 1 and Lemma 8], there exists an open G-invariant U1 con-
taining x and a G-equivariant immersion U1 →֒ Y = P(V ) where V is a G-representation. Since
the action of Gx on Spec Sym
∗ V ∨ fixes the line spanned by x, there exists a Gx-invariant homoge-
neous polynomial f with f(x) 6= 0. Then Yf is a Gx-invariant affine. Gx acts on TxYf and there
exists a Gx-invariant morphism g : Yf → TxP(V ) which is e´tale. Since Gx is linearly reductive,
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we may write TxP(V ) = Txo(x) ⊕ N for a Gx-representation N . Then W1 = g
−1(N) ∩ U1 is a
Gx-invariant closed quasi-affine subscheme and we may choose a Gx-invariant affine W ⊆ W1
containing x. It is easy to see that [W/Gx] → [X/G] is e´tale at w. By shrinking W further, one
obtains that [W/Gx]→ [X/G] is e´tale which is clearly affine. 
E´tale descent. We will need the following characterization of when an e´tale morphism of alge-
braic stacks induces an e´tale morphism of good moduli spaces.
Theorem 2.2. ([Alp12a, Theorem 5.1]) Consider a commutative diagram
W
f
//
ϕ

X
φ

W
g
// X
where f is a representable morphism between algebraic stacks of finite type over k and ϕ, φ are good moduli
spaces. Let w ∈ |W|. Suppose, f is e´tale and stabilizer preserving at w, and that both w and f(w) are
closed. Then g is e´tale at ϕ(w). 
Corollary 2.3. Consider a commutative diagram
W
f
//
ϕ

X
φ

W
g
// X
where f is a morphism between algebraic stacks of finite type over k and ϕ, φ are good moduli spaces.
Suppose f is representable, separated, e´tale, sends closed points to closed points, and is stabilizer preserving
at closed points of |W|. Then g is e´tale and the above diagram is cartesian.
Proof. Theorem 2.2 implies that g is e´tale. The hypotheses imply that the induced morphism Ψ :
W ×X X → X is representable, separated, quasi-finite and sends closed points to closed points.
Therefore [Alp12a, Proposition 6.4]) implies that Ψ is a finite. Moreover, since f and g are e´tale, so
is Ψ. But sinceW andW ×X X both haveW as a good moduli space, it follows that a closed point
in W ×X X has a unique preimage under Ψ. Therefore, Ψ is an isomorphism and the diagram is
cartesian. 
Corollary 2.4. Consider a commutative diagram
W
f
//
ϕ

X
φ

W
g
// X
where f is a representable, separated and e´tale morphism between algebraic stacks of finite type over k and
ϕ, φ are good moduli spaces. Then there exists a saturated open substack U ⊆ W such that
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(a) The induced diagram
U
f |U
//
ϕ|U

X
φ

ϕ(U)
g|ϕ(U)
// X
is cartesian and g|ϕ(U) is e´tale. In particular, f |U is stabilizer preserving and sends closed points to
closed points.
(b) If w ∈ W is a closed point such that f is stabilizer preserving at w and f(w) ∈ X is closed, then
w ∈ U .
Proof. By Zariski’s Main Theorem, we may factor f as
f :W
i
−→ W˜
f˜
−→ X
where i is an open immersion and f˜ is finite. Since X admits a goodmoduli space and f˜ : W˜ → X
is finite, there exists a goodmoduli space ϕ˜ : W˜ → W˜ . LetZ = ϕ˜−1(ϕ˜(W˜rW)) and U ′ = W˜rZ ⊆
W . Observe that a point w ∈ W is in Z if and only if {w} ∩ (W˜ rW) 6= ∅. If u ∈ U ′ is a closed
point, then u ∈ W˜ is also closed and since f : W˜ → X is finite, f(u) ∈ X is closed. Therefore,
f |U ′ sends closed points to closed points. Observe first that if f is stabilizer preserving at a closed
point u ∈ U ′, then by Theorem 2.2, g is e´tale at ϕ(u). If we set V ⊆ φ(U ′) is the open locus where
g|V is e´tale, then ϕ
−1(V ) contains u0 and therefore u. Thus, we can shrink U
′ so that g|ϕ(U ′) is e´tale.
This gives a diagram
U ′
f |U′ //
ϕ|U′

X
φ

ϕ(U ′)
g|ϕ(U′)
// X
The induced map Ψ : U ′ → ϕ(U ′)×X X is affine and e´tale, and also finite by [Alp12a, Proposition
6.4]). If f is stabilizer preserving at u ∈ U ′, then Ψ has degree 1 at u so that there is an open locus
U ⊆ U ′ where Ψ is an isomorphism. This establishes (a) as well as (b). 
The following simple lemma will allows us to shrink Zariski-locally by saturated open sub-
stacks.
Lemma 2.5. Let φ : X → X be a good moduli space. Let x ∈ X be a closed point and U ⊆ X be an open
substack containing x. Then exists a saturated open substack U1 ⊆ U containing x.
Proof. The substacks {x} and X r U are closed and disjoint. By [Alp12a, Theorem 4.16], φ({x})
and Z := φ(X r U) are closed and disjoint. Therefore, we take U1 = φ
−1(X r Z). 
General existence results. Webegin with a proposition giving conditions onwhen the goodmod-
uli spaces of e´tale GIT presentations can be glued. A weaker version of this result appear in
[Alp12b].
Proposition 2.6. Let X be an algebraic stack locally of finite type over k. Suppose there exists an affine,
e´tale and surjective morphism f :W → X from an algebraic stackW such that:
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(1) W admits a good moduli space ϕ :W →W .
(2) f is stabilizer preserving at closed points inW .
(3) The projectionsW ×X W ⇒W sends closed points to closed points.
Then there exists a good moduli space φ : X → X inducing a cartesian diagram
W
f
//
ϕ

X
φ

✤
✤
✤
W
g
//❴❴❴ X
such that g : W → X is e´tale.
Proof. Set X1 = W , X1 = W and X2 = X1 ×X X1 with projections p1, p2 : X2 → X1. Since f is
affine, there exists a good moduli space φ2 : X2 → X2. The two projections p1, p2 : X2 → X1
induce two morphisms q1, q2 : X2 → X1 such that qi ◦ φ2 = φ1 ◦ pi for i = 1, 2. By Theorem 2.2
and hypotheses (2) and (3), q1 and q2 are e´tale. The induced morphisms X2 → X2 ×qi,X1,φ1 X1 are
isomorphisms by Corollary 2.3. Similarly, by setting X3 = X1×X X1×X X1, there is a good moduli
space φ3 : X3 → X3 whereX3 = X2 ×q1,X1,q2 X2 and an induced diagram
X3
//
//
//
φ3

X2
//
//
φ2

X1
f
//
φ1

X
X3
//
//
// X2
//
// X1
where the appropriate squares are cartesian. Moreover, by the universality of goodmoduli spaces,
there is an induced identity map X1 → X2, an inverse X2 → X2 and a composition X2 ×q1,X1,q2
X2 → X2 giving X2 ⇒ X1 an e´tale groupoid structure.
To check that ∆ : X2 → X1 × X1 is a monomorphism, it suffices to check that there is a
unique pre-image of (x1, x1) ∈ X1 × X1 where x1 ∈ X1(k). Let ξ1 ∈ |X1| be the unique closed
point in φ−11 (x1). Since X1 → X is stabilizer preserving at ξ1, we can set G := AutX1(k)(ξ1)
∼=
AutX (k)(f(ξ1)). There are diagrams
BG //

BG×BG

X2 //

X1 × X1


X // X × X

X2
(p1,p2)
//
φ2

X1 × X1
φ1×φ1

X2
∆ // X1 ×X1
where the squares in the left diagram are 2-cartesian. Suppose x2 ∈ X2(k) is in the preimage of
(x1, x1) under ∆ : X2 → X1 × X1. Let ξ2 ∈ |X2| be the unique closed point in φ
−1
2 (x2). Then
(p1(ξ2), p2(ξ2)) ∈ |X1 × X1| is closed and is therefore the unique closed point (ξ1, ξ1) in the (φ1 ×
φ1)
−1(x1, x1). But since the above diagram is cartesian, ξ2 is the unique point in |X2| which maps
to (ξ1, ξ1) under X2 → X1 × X1. Therefore, x2 is the unique preimage of (x1, x1).
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Since X2 ×q1,X1,q2 X2 → X2 is an e´tale equivalence relation, there exists an algebraic space
quotientX and induced maps φ : X → X and X1 → X. Consider
X2 //

X1 //

X1

X1 // X // X
Since X2 ∼= X1 ×X1 X2 and X2
∼= X1 ×X X1, the left and outer square above are 2-cartesian. Since
X1 → X is e´tale and surjective, it follows that the right square is cartesian. By descent, φ : X → X
is a good moduli space. 
Theorem 2.7. Let X be an algebraic stack of finite type over k. Suppose that:
(1) For every closed point x ∈ X , there exists an e´tale GIT presentation f :W → X around x such that
(a) f is stabilizer preserving at closed points inW .
(b) f sends closed points to closed points
(2) For any k-point x ∈ X , the closed substack {x} admits a good moduli space.
Then there exists a good moduli space X → X.
Proof. Choose e´tale GIT presentations [SpecAx/Gx] → X around each closed x ∈ X . Then by
refining the e´tale presentation
∐
x∈X [SpecAx/Gx] → X to a finite subcover, we obtain an e´tale,
affine and surjective morphism f : W → X whereW admits a good moduli space and f is both
stabilizer preserving at closed points inW and sends closed points to closed points. We now check
that property (2) assures that the projections p1, p2 : R := W ×X W → W send closed points to
closed points. Once this is accomplished, the statement follows from Proposition 2.6.
Let ρ ∈ R be a closed point and set x = f(p1(ρ)) = f(p2(ρ)) ∈ X . Let Z = {x} ⊆ X , W
′ =
W ×X Z and R
′ = R×X Z with induced maps f
′ :W ′ → Z and p′1, p
′
2 : R
′ →W ′. Consider
R′
p′1 //
p′2
// _

W ′
f ′
//
 _

Z _

R
p1
//
p2
// W
f
// X
The morphism f ′ :W ′ → X ′ is e´tale, surjective, affine, sends closed points to closed points and is
stabilizer preserving at closed points. Moreover, by hypothesis (2), there is a diagram
W ′
φ′

// Z
ϕ′

W ′
g′
// Speck
where φ′ : W ′ → W ′ and ϕ′ : Z ′ → Speck are good moduli spaces. By Corollary 2.3, the above
diagram is cartesian. It follows that the projects p′1, p
′
2 : R
′ ⇒ W ′ send closed points to closed
points as they are the base change of the projections W ′ × W ′ → W ′ by W ′ → W ′. Therefore
p′1(ρ), p
′
2(ρ) ∈ W
′ are closed or equivalently p1(ρ), p2(ρ) ∈ W are closed. 
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3. PROOF OF THEOREM A
General facts. The following lemmas will under suitable hypotheses under which the existence
of a finite surjective morphism X → Y from an algebraic stack X admitting a good moduli space
implies that Y admits a good moduli space.
Lemma 3.1. Let f : X → Y be a morphism of algebraic stacks of finite type over k. Suppose that:
(1) f : X → Y is finite, surjective, and stabilizer preserving at closed points.
(2) X admits a good moduli space.
(3) Y admits e´tale GIT presentations.
Then Y admits a good moduli space.
Proof. Let y ∈ Y be a closed point and choose an e´tale GIT presentation g : ([SpecAy/Gy], y
′)→ Y
around y. Consider the 2-cartesian diagram
X ′
f ′
//
g′

[SpecAy/Gy]
g

X
f
// Y

Since g sends closed points to closed points and f and f ′ are finite, g′ sends closed points to closed
points. Since g is affine, X ′ admits a good moduli space. We note also that g′ is stabilizer pre-
serving at every x′ ∈ f ′−1(y′). By Corollary 2.4, there exists an open substack U ′ ⊆ X ′ containing
f ′−1(y′) such that g′|U ′ is stabilizer preserving and sends closed points to closed points. Then
V ′ = X ′ r f ′(X ′ r U ′) is an open substack containing y′ and by Lemma 2.5 we may shrink V ′
so that it is a saturated open substack containing y′. The pre image f ′−1(V ′) is a saturated open
substack of X ′ and since f ′−1(V ′) → X is the base change of a morphism of algebraic spaces, the
projections f ′−1(V ′) ×X f
′−1(V ′) ⇒ f ′−1(V ′) send closed points to closed points. Therefore, we
may assume that g′ : X ′ → X is stabilizer preserving and that the projections X ′ ×X X
′ send
closed points to closed points. By Proposition 2.6, we conclude that g([SpecAy/Gy]) admits a
good moduli space. But since f−1(g([SpecAy/Gy])) is a saturated open substack of X , it follows
that g([SpecAy/Gy ]) →֒ Y sends closed points to closed points. It follows from [Alp12a, Propo-
sition 7.9] that good moduli spaces for g([SpecAy/Gy]) may be glued to construct a good moduli
space for Y . 
Lemma 3.2. Consider a commutative diagram
X //
❅
❅❅
❅❅
❅❅
❅ Y

Z
of algebraic stacks of finite type over k where Z is an algebraic space. Suppose that:
(1) X → Y is finite and surjective.
(2) X → Z is cohomologically affine.
(3) Y is a quotient stack of the form [Y/G] where Y is an algebraic space with an action of a linearly
reductive group G.)
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Then Y → Z is cohomologically affine.
Proof. Since X → Y is affine, X is the quotient stack X = [X/G]whereX = X ×Y Y . SinceX → X
is affine and X → Z is cohomologically affine,X → Z is affine by Serre’s criterion. The morphism
X → Y is a finite and surjective so by Chevalley’s theorem, we can conclude that Y → Z is affine.
Therefore Y → Z is cohomologically affine. 
Proposition 3.3. Let f : X → Y be a morphism of algebraic stacks of finite type over k. Suppose that:
(1) X → Y is finite and surjective.
(2) There exists a good moduli space X → X with X separated.
(3) Y is a quotient stack and admits e´tale GIT presentations.
Then Y admits a good moduli space.
Proof. Let Z be the scheme-theoretic image of X → X ×Y . Since X → Y is finite, so is X → Z . By
Lemma 3.2, the projectionZ → X is cohomologically affine so thatZ admits a goodmoduli space.
The composition Z →֒ X × Y → Y is finite, surjective and stabilizer preserving. The statement
now follows from Lemma 3.1. 
Remark 3.4. They hypothesis (2) that X is separated is necessary. For example, let X be the affine
line with the point 0 doubled and let Z2 act on X by swapping the points at 0 and fixing all other
points. ThenX → [X/Z2] satisfies the hypotheses but [X/Z2] does not admit a goodmoduli space.
Inductive existence. The following lemma will be used to show that if X− = Mg,n(A
−
k ), V
− =
Sg,n(Ak) = Mg,n(Ak) rMg,n(A
−
k ) and V
+ = Hg,n(Ak) = Mg,n(Ak) rMg,n(A
+
k ) admit good
moduli spaces, then so does X =Mg,n(Ak).
Proposition 3.5. Let X be an algebraic stack of finite type over k. Let X− ⊆ X be an open substack and
V−,V+ ⊆ X− be closed substacks where X− is the complement of V−. Suppose:
(1) There exist good moduli spaces X− → X−, V− → V − and V+ → V +.
(2) For every closed point z ∈ |X r X−|, z ∈ V+.
(3) For every closed point z ∈ |X−| which is not closed in |X |, z ∈ V+.
(4) If x ∈ X r X−, then for every diagram
SpecK //

X− _

SpecR
h //
h˜
;;✈✈✈✈✈✈✈✈✈✈
X
such that h(0) = x and h˜(0) ∈ |X−| closed, we have h˜(0) ∈ V+.
(5) For any k-point x ∈ X , the closed substack {x} admits a good moduli space.
(6) For any closed point x ∈ X there exists an e´tale GIT presentation f : (W, w) → X around x ∈ X
inducing a diagram
W−
f |
W−

  // W
f

X− 
 op
// X V−,V+? _
cloo
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where W− = f−1(X−) such that there exist good moduli spaces W− → W− and W → W , and
W− →W is proper.
Then there exists a good moduli space X → X such that X− → X is proper.
Proof. Let x ∈ X be a closed point and f : (W, w) → X be an e´tale GIT presentation satisfying
hypothesis (6). We claim that, without loss of generality, we may assume that
(1) f |f−1(V−), f |f−1(V+) is stabilizer preserving and sends closed points to closed points.
(2) f |W− is stabilizer preserving and sends closed points to closed points.
For (1), note that since V− admits a goodmoduli space, Corollary 2.4 implies the existence of an
open substack Q ⊆ f−1(V−) containing w such that f |Q is stabilizer preserving and sends closed
points to closed points. Let U ⊆ W be an open substack such that U∩f−1(V−) = Q. By Lemma 2.5,
wemay shrink U to a saturated open substack U ′ ofW containingw. Then U ′∩f−1(V−) ⊆ f−1(V−)
and U ′ ∩W− ⊆ W− are saturated open substacks. By replacingW with U ′, we may assume that
f |f−1(V−) is stabilizer preserving and sends closed points to closed points. Similarly, we may
assume that f |f−1(V+) is stabilizer preserving and sends closed points to closed points.
For (2), by Corollary 2.4, there exists an open substack U ⊆ W− such that f |U : U → X
− is
stabilizer preserving and sends closed points to closed points; moreover, U contains all closed
points w ∈ W− such that f is stabilizer preserving at w and f(w) ∈ X− is closed. Let Z =W−rU
and Z be the closure of Z inW . We claim that w /∈ Z . Once this is established, Lemma 2.5 implies
that we may replace shrinkW by a saturated open substack containing w so that f |W− is stabilizer
preserving and sends closed points to closed points. If x ∈ X−, then clearly w /∈ Z so we may
suppose that x ∈ X r X−. Suppose, by way of contradiction, that w ∈ Z . Then there exists a
specialization diagram
SpecK //

Z

SpecR
h // W
such that h(0) = w. Since the composition W− → W− → W is universally closed, after an
extension of the fraction fieldK , there exists a diagram
SpecK //

W− _

// W−

SpecR
h //
h˜
::✈
✈
✈
✈
✈
W // W
where the lift h˜ : SpecR → W− extends SpecK → W− and h˜(0) ∈ W− is closed. By hypothesis
(4), h˜(0) ∈ f−1(V+) ∩W−. Thus, f is stabilizer preserving at h˜(0) and f(h˜(0)) is closed; therefore
h˜(0) ∈ U . But this is a contradiction since we cannot have h˜(SpecK) /∈ U and h˜(0) ∈ U . Thus,
w /∈ Z as desired.
We now claim that f maps closed points to closed points and is stabilizer preserving at all closed
points of z ∈ W . If z /∈ W−, then z ∈ f−1(V−) so that f is stabilizer preserving at z and f(z) ∈ V−
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is closed. If z ∈ W−, then f(z) ∈ X− is closed. If f(z) ∈ X is not closed, then hypothesis (3)
implies f(z) ∈ V+. Thus, f is stabilizer preserving at z and f(z) ∈ X is closed.
Therefore, there exists an affine, e´tale and surjective morphism f :W → X such that f :W → X
and f |W− : W
− → X− are stabilizer preserving at closed points and send closed points to closed
points. By condition (5), the closure {x} admits a good moduli space; it follows from Theorem
2.7 that there exists a good moduli space X → X. It remains to show that X− → X is proper.
Consider the commutative cube:
W−
  //

||②②
②②
②②
②
W

~~⑥⑥
⑥⑥
⑥⑥
⑥
X−
  //

X

W− //
||②②
②②
②②
②
W
~~⑥⑥
⑥⑥
⑥⑥
⑥
X− // X
By Corollary 2.3, the left and right squares are cartesian. Since the diagram
W− //

X ′

X− ×X W // X
′
is cartesian, by uniqueness of goodmoduli spaces, we have thatX−×XW ∼=W
−. SinceW− → W
is proper, by e´tale descent,X− → X is also proper. 
The following lemma will be used to show that ifMg,n(Ak) admits a good moduli space, then
so doesMg,n(A
+
k ).
Proposition 3.6. Let X be an algebraic stack of finite type over k. Let X+ ⊆ X be an open substack.
Suppose that:
(1) There exists a good moduli space φ : X → X.
(2) For every closed point x ∈ X , there exists a cartesian diagram
(3.1) W
f

W+? _oo
f |
W+


X X+? _oo
where f is affine and e´tale, and there exist good moduli spaces W → W and W+ → W+ such that
W+ →W is proper.
Then there exists a good moduli space X+ → X+ such that X+ → X is proper.
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Proof. By hypothesis (1) and Corollary 2.4, there exists an e´tale, affine and surjective morphism
f :W → X and a cartesian diagram
W
f

//

W

X // X
where W → W is a good moduli space. Clearly, f |W+ is stabilizer preserving. To check that
f |W+ : W
+ → X+ sends closed points to closed points, let w ∈ W+ be a closed point. We claim
that if {w} ⊆ W denotes the closure of w in W , then f({w}) ⊆ X is closed. First, observe that
f({w}) ⊆ {f(w)}. If f({w}) ⊆ X is not closed, then there exists a specialization f(w)  x0 to a
closed point x0 ∈ X with x0 /∈ f({w}). If w  w0 is a specialization to a closed point w0 ∈ W ,
then since f sends closed points to closed points, f(w)  f(w0) is a specialization to a closed
point f(w0) ∈ X . However, since X admits a good moduli space, any k-point admits a unique
specialization to a closed point. Therefore, x0 = f(w0) contradicting x0 /∈ f({w}). Therefore,
f({w}) ⊆ X is closed. It follows that f(w) ∈ X+ is closed. Indeed, if there were a specialization
f(w) x1 in X
+, then the fact that f({w}) ⊆ X is closed would imply that this specialization lifts
to a specialization w  w1 inW with w1 ∈ W
+, a contradiction. We conclude that f |W+ : W
+ →
X+ is stabilizer preserving and sends closed points to closed points.
We now check that for any point x ∈ X+, the closed substack Z+ = {x} ⊆ X+ admits a good
moduli space. Let Z = {x} ⊆ X and consider the diagram obtained by base changing Diagram
(3.1) by Z →֒ X
(3.2) Q
f |Q

Q+? _oo
f |
Q+


Z Z+? _oo
Since f |Q is stabilizer preserving and sends closed points to closed points, by Corollary 2.4 there
is cartesian diagram
Q
f

//

Q

Z // Speck
Where Q → Q and Z → Speck are good moduli spaces and Q → Spec k is e´tale. Therefore,
Q =
∐
i Spec k so may assume in Diagram (3.2) that Q → Z is an isomorphism. It follows that
Q+ → Z+ is an isomorphism and that Z+ admits a good moduli space.
By Theorem 2.7, there exists a good moduli space X+ → X+ and the argument in the proof of
Proposition 3.5 implies thatX+ → X is proper. 
3.1. Existence. We will apply Propositions 3.5 and 3.6 to show thatMg,n(Ak) andMg,n(A
+
k ) ad-
mit proper goodmoduli spaces. In order to apply the lemma, we first show thatHg,n(Ak),Sg,n(Ak)
admits a good moduli space. This is accomplished inductively by Lemmas 3.7, 3.8 and 3.9. We
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first make the observation thatMg,n(Ak) is a global quotient stack of a smooth scheme by a con-
nected algebraic group, so thatMg,n(Ak),Mg,n(A
+
k ),Hg,n(Ak) and Sg,n(Ak) each admit e´tale GIT
presentations by Proposition 2.1.
Lemma 3.7. Let k = 3 and r ≥ 1. Suppose that Mg′,n′(Ak) admits a proper good moduli space for
g′ < 2r − 1 and n′ ∈ {2, 4}. ThenH2r−1,2(Ak) admits a proper good moduli space.
Proof. By [ASvdW10, Proposition 3.9],H1,2(Ak) admits a good moduli space which is a point. For
i = 1, . . . , r − 1, consider the gluing maps
Ψ
(0)
i :M2(r−i)−1,4(Ak)×H2i−1,2(Ak)→H2r−1,2(Ak)
Ψ
(j)
i :Mj,2(Ak)×M2(r−i)−j,2(Ak)×H2i−1,2(Ak)→H2r−1,2(Ak) for j = 1, . . . , g − rm− 1
whose image collectively maps onto the locus of curves admitting a A3-chain of length less than
r. Each morphism Ψ
(j)
i is clearly representable and quasi-finite. Furthermore, by the argument of
[ASvdW10, Proposition 4.16], Ψ
(j)
i satisfies the valuative criterion for properness; it follows that
Ψ
(j)
i is finite. By Proposition 3.3, the images of Ψ
(j)
i admit proper good moduli spaces.
Let Zr ⊆ H2r−1,2(Ak) be the closed stack consisting of curves with A3-chains of length r. There
is a unique closed point z ∈ |Zr| which is the nodal union of 2r − 1 monomial H1,2-bridges; see
[ASvdW10, Section 5.2]. Recall that S1,2(Ak) is the moduli stack of families of 2-pointed curves of
arithmetic genus 1 obtained by gluing two smooth rational curves along an A3-singularities and
marking each of the rational curves (see [ASvdW10, Definition 3.3]).
By the argument of [Smy11b, Proposition 2.11], there exists a ×r−1i=1S1,2(Ak)-bundle
C → ×ri=1H1,2(Ak)
of Ak-stable curves inducing a finite morphism
C → H2r−1,2(Ak)
whose image isZr; themoduli stack C parameterizes the possibleways to glue r curves inH1,2(Ak)
at r− 1 Ak-singularities at their marked points. Since C is defined by the stacky projectivization of
a vector bundle over H1,2(Ak), C admits a good moduli space. Moreover,H1,2(Ak) admits a good
moduli space. Therefore, by Proposition 3.3, Zr admits a good moduli space.
Since H2r+1,2(Ak) is covered by Zr and the images of Ψ
(j)
i , we conclude by Proposition 3.3 that
H2r+1,2(Ak) admits a proper good moduli space. 
Lemma 3.8. Suppose that Mg′,n′(Ak) admits a proper good moduli space for g
′ < g and all n′. Then
Hg,n(Ak) admits a proper good moduli space.
Proof. Suppose that k = 2m. By [ASvdW10, Proposition 3.9], Hm,1(Ak) admits a good moduli
space which is a point. The gluing maps
Mg−m,n+1(Ak)×Hm,1(Ak)→ Hg,n(Ak)
Hm,1(Ak)×Hm,1(Ak)→ H2m,0(Ak)
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satisfy the valuative criterion for properness by [ASvdW10, Lemma 4.15]. It follows that they
are finite. Moreover, their images cover Hg,n(Ak). By the inductive hypothesis and Prop 3.3, we
conclude that Hg,n(Ak) admits a proper good moduli space.
Suppose that k = 3. For r = 1, . . . , ⌊g+12 ⌋, consider the gluing maps
Mg−2r,n+2(Ak)×H2r−1,2(Ak)→Hg,n(Ak)
Mj,n1(Ak)×Mg−2r−j+1,n2(Ak)×H2r−1,2(Ak)→Hg,n(Ak) for j = 0, . . . , g − 2r + 1 and n1 + n2 = n+ 2
which maps onto the locus of curves admitting an Ak-chain of length r where the two end points
are nodes which are non-separating and separating, respectively. Consider also the gluing map
for n ≥ 1 and r = 1, . . . , ⌊g+12 ⌋
Mg−2r+1,n(Ak)×H2r−1,2(Ak)→ Hg,n(Ak) for n ≥ 1
whichmaps onto the locus of curves admitting anA3-chain of length rwhere one of the end points
is a marked point. Finally, for the degenerate case, we have the gluing map
Hrm,2(Ak)→Hrm,0(Ak)
where the end points of the A3-chain are identified in a single node. It follows from [ASvdW10,
Lemma 4.15] that these morphisms are finite. Since the union of their images cover Hg,n(Ak) so
we may apply Lemma 3.7 and Proposition 3.3 to conclude that Hg,n(Ak) admits a proper good
moduli space. 
Lemma 3.9. Suppose that Mg′,n′(Ak) admits a proper good moduli space for g
′ < g and all n′. Then
Sg,n(Ak) admits a proper good moduli space.
Proof. Suppose k = 2m, and let (C, {pi}) ∈ Sg,n(Ak) be a closed point. By [ASvdW10, Proposition
5.14], C is the union of a genus g − rm curve K with r Hm,1 tails at nodes q1, . . . , qr ∈ K and
(K, {pi} ∪ {qj}) ∈ Mg−rm,n(Ak) is a closed point. We will show that (C, {pi}) is in the image of a
finite morphism C → Sg,n(Ak)where C admits a proper good moduli space. By Proposition 3.3, it
follows then that Sg,n(Ak) admits a proper moduli space.
For simplicity, we assume that r = 1. Recall that Sm,1(Ak) is the moduli stack of families of
1-pointed curves of arithmetic genusm obtained by gluing an Ak-singularity at a marked rational
curve [ASvdW10, Definition 3.3]). By the argument of [Smy11b, Proposition 2.11], there exists a
stacky projective bundle
C →Mg−rm,1(Ak)
of Ak-stable curves inducing a finite morphism
C → S2r−1,2(Ak)
whose image contains (C, {pi}). Indeed, in the case k = 2, C = Mg−rm,1(Ak), and in the case
k = 4, C is the stacky proj of the vector bundle ψ31 ⊕ O onMg−rm,1(Ak); either way, C admits a
good moduli space.
Suppose k = 3, and let (C, {pi}) ∈ Sg,n(Ak) be a closed point. For simplicity, let us assume that
the Ak-chains of C are non-disconnecting and attached at nodes (the other cases are essentially
identical). By [ASvdW10, Proposition 5.14], C is the union of k A3-chains of length r1, . . . , rk
and a genus g − r − k core in Mg−r−k,n+2k(A
−
3 ), where r =
∑
i ri. Note that C is in the image
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of a finite morphism C → Mg,n(Ak) where C is a stacky projective bundle over ×
r
i=1S1,2(Ak) ×
Mg−r−k,n+2k(Ak). Indeed C is the fiber product of the P
1-bundles parametrizing one-dimensional
subspaces of the direct sum of the cotangent spaces of the attaching points of the r tacnodes. Since
C admits a good moduli space, we may apply Proposition 3.3 to conclude that Sg,n(Ak) admits a
good moduli space. We leave details to the reader. 
Lemma 3.10. For every diagram
SpecK //

Mg,n(A
−
k ) _

SpecR
h //
h˜
99r
r
r
r
r
r
Mg,n(Ak)
withR a valuation ring with fraction fieldK such that h(0) is a closed point where 0 ∈ SpecR is the closed
point and lift h˜ : SpecR→Mg,n(A
−
k ) extending SpecK →Mg,n(A
−
k ), then h˜(0) ∈ Hg,n(Ak).
Proof. This follows from analyzing the actions on the deformation space of h(0) as in [ASvdW10,
Section 6]. 
Theorem 3.11. For k = 2, 3 and 4, there exist good moduli spacesMg,n(Ak)→Mg,n(Ak) andMg,n(A
+
k )→
Mg,n(A
+
k ) inducing a commutative diagram
Mg,n(A
−
k )
  //

Mg,n(Ak)

Mg,n(A
+
k )
? _oo

Mg,n(A
−
k )
// Mg,n(Ak) Mg,n(A
+
k )
oo
withMg,n(Ak) andMg,n(A
+
k ) proper over k.
Proof. Assume that the result holds for k′ < k so that there is a good moduli spaceMg,n(A
−
k ) →
Mg,n(A
−
k ). If k is odd and 2g + 1 < k or k is even and 2g < k, then Mg,n(Ak) = Mg,n(A
+
k−1).
By induction, we may assume that Mg′,n′(Ak) admits a proper good moduli space for g
′ < g
and all n′. We check the conditions of Proposition 3.5 where X = Mg,n(Ak), X
− = Mg,n(A
−
k ),
V− = Sg,n(Ak) and V
+ = Hg,n(Ak). For condition (1),Mg,n(A
−
k ) admits a good moduli space by
the inductive hypothesis and Sg,n(Ak), Hg,n(Ak) admit good moduli spaces by Lemmas 3.8 and
3.9. Conditions (2) and (3) follow from the classisification of closed points in [ASvdW10, Section 5].
Condition (4) follows from analyzing the actions on the deformation space of h(0) as in [ASvdW10,
Section 6]. For condition (5), if x ∈ Mg,n(Ak) is any k-point, then the closure {x} ⊆ Mg,n(Ak)
is contained in Mg,n(A
−
k ), Hg,n(Ak) or Sg,n(Ak) and therefore {x} admits a good moduli space
since each of the substacksMg,n(A
−
k ), Hg,n(Ak) or Sg,n(Ak) do. Condition (6) follows [ASvdW10,
Theorem 8.3]. Therefore there is a good moduli spaceMg,n(Ak) → Mg,n(Ak) with M g,n(A
−
k ) →
Mg,n(Ak) proper.
Wemay now apply Proposition 3.6, by using [ASvdW10, Theorem 8.3] again to verify condition
(2) to conclude that there exists a good moduli spaceMg,n(A
+
k ) → M g,n(A
+
k ) with Mg,n(A
+
k ) →
Mg,n(Ak) proper. 
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APPENDIX A.
In this appendix, we give examples of algebraic stacks including moduli stacks of curves which
fail to have a good moduli space owing to a failure of conditions (1a), (1b), and (2) of Theorem B.
Note that there is an obviously necessary topological condition for a stack to admit a goodmoduli
space, namely that every k-point has a unique isotrivial specialization to a closed point, and each
of our examples satisfies this condition. The purpose of these examples is to illustrate the more
subtle kinds of stacky behavior that can obstruct the existence of good moduli spaces.
Failure of condition (1a).
Example A.1. Let X = [X/Z2] be the quotient stack where X is the non-separated affine line
and Z2 acts on X by swapping the origins and fixing all other points. The algebraic stack clearly
satisfies condition (1b) and (2). Then there is an e´tale, affine morphism A1 → X which is stabilizer
preserving at the origin but is not stabilizer preserving in an open neighborhood. The algebraic
stack X does not admit a good moduli space.
While the above example may appear entirely pathological, we now provide two natural mod-
uli stacks similar to this example.
Example A.2. Consider the Deligne-Mumford locus X ⊆ [Sym4 P1/PGL2] of unordered tuples
(p1, p2, p3, p4) where at least three points are distinct. Consider the family (0, 1, λ,∞) with λ ∈ P
1.
When λ /∈ {0, 1,∞}, Aut(0, 1, λ,∞) ∼= Z/2Z × Z/2Z; indeed, if σ ∈ PGL2 is the unique element
such that σ(0) =∞, σ(∞) = 0 and σ(1) = λ, then σ([x, y]) = [y, λx] so that σ(λ) = 1 and therefore
σ ∈ Aut(0, 1, λ,∞). Similarly, there an element τ which acts via 0
τ
↔ 1, λ
τ
↔ ∞ and an element α
which acts via 0
α
↔ λ, 1
τ
↔∞. However, if λ ∈ {0, 1,∞}, Aut(0, 1, λ,∞) ∼= Z/2Z.
Therefore if x = (0, 1,∞,∞), any e´tale morphism f : [SpecA/Z2] → X , where SpecA is a Z2-
equivariant algebraization of the deformation space of x, will be stabilizer preserving at x but not
in any open neighborhood. This failure of condition (1a) here is due to the fact that automorphisms
of the generic fiber to not extend to the special fiber. The algebraic stack X does not admit a good
moduli space but we note that if one enlarges the stack X ⊆ [(Sym4 P1)ss/PGL2] to include the
point (0, 0,∞,∞), there does exist a good moduli space.
Example A.3. Let U2 be the stack of all reduced, connected curves of genus 2, and let [C] ∈ U2
denote a cuspidal curve whose pointed normalization is a generic 1-pointed smooth elliptic curve
(E, p). We will show that any Deligne-Mumford open neighborhood M ⊂ U2 of [C] is non-
separated and fails to satisfy condition (1a).
Note that Aut(C) = Aut(E, p) = Z/2Z. Thus, to show that no e´tale neighborhood
[Def(C)/Aut(C)]→M
can be stabilizer preserving, it is sufficient to exhibit a family C → ∆ whose special fiber is C ,
and whose generic fiber has automorphism group Z/2Z × Z/2Z. To do this, let C ′ be the curve
obtained by nodally gluing two identical copies of (E, p) along their respective marked points.
Then C ′ admits an involution swapping the two components, and a corresponding degree 2 map
C ′ → E ramified over the single point p. We may smooth C ′ to a family C′ → ∆ of smooth double
covers of E, simply by separating the ramification points. By [Smy11a, Lemma 2.12], there exists
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a birational contraction C′ → C contracting one of the two copies ofE in the central fiber to a cusp.
The family C → ∆ now has the desired properties; the generic fiber has both a hyperelliptic and
bielliptic involution while the central fiber is C .
Failure of condition (1b).
Example A.4. Let X = [A2 r 0/Gm] where Gm acts via t · (x, y) = (x, ty). Let U = {y 6= 0} =
[Spec k[x, y]y/Gm] ⊆ X . Observe that the point (0, 1) is closed in U and X . Then the open immer-
sion f : U → X has the property that f(0, 1) ∈ X is closed but for x 6= 0, (x, 1) ∈ U is closed
but f(x, 1) ∈ X is not closed. There is no open neighborhood of (0, 1) in X which admits a good
moduli space.
Example A.5. LetM = Mg ∪M
1 ∪M2, whereM1 consists of all curves of arithmetic genus g
with a single cusp and smooth normalization, and M2 consist of all curves of the form D ∪ E0,
whereD is a smooth curve of genus g−1 andE0 is a rational cuspidal curve attached toC nodally.
We observe thatM has the following property: If C = D ∪ E, where D is a curve of genus g-1
and E is a curve an elliptic tail, then [C] ∈ M is a closed point if and only if D is singular. Indeed,
ifD is smooth, thenC admits an isotrivial specialization toD∪E0, whereE0 is a rational cuspidal
tail.
Now consider any curve of the form C = D ∪E whereD is a singular curve of genus g− 1 and
E is a smooth elliptic tail, and, for simplicity, assume that D has no automorphisms. We claim
that there is no e´tale neighborhood of the form [Def(C)/Aut(C)]→M, which sends closed points
to closed points. Indeed, curves of the form D′ ∪ E where D′ is smooth will appear in any such
neighborhood and will obviously be closed in [Def(C)/Aut(C)] (since this is a Deligne-Mumford
stack), but are not closed inM.
Failure of condition (2).
Example A.6. Let X = [C/Gm] where C is the nodal cubic curve with the Gm-action given by
multiplication. Observe that X is an algebraic stack with two points–one open and one closed.
But X does not admit a good moduli space; if it did, X would necessarily be cohomollogically
affine and consequently C would be affine, a contradiction. However, there is an e´tale and affine
morphism (but not finite) morphismW = [Spec(k[x, y]/xy)/Gm]→ X where Gm = Spec k[t]t acts
on Spec k[x, y]/xy via t · (x, y) = (tx, t−1y) which is stabilizer preserving and sends closed points
to closed points; however, the two projectionsW ×X W ⇒W do not send closed points to closed
points.
To realize this e´tale local presentation concretely, we may express C = X/Z2 where X is the
union of two P1’s with coordinates [x1, y1] and [x2, y2] glued via nodes at 01 = 02 and∞1 = ∞2
by the action of Z/2Z where −1 acts via [x1, y1] ↔ [y2, x2]. There is a Gm-action on X given by
t · [x1, y1] = [tx1, y1] and t · [x2, y2] = [x1, ty1]which descends to an action on C . We therefore have
a 2-cartesian diagram
Z2 × [X/Gm]
p1
//
p2

[X/Gm]

[X/Gm] // [C/Gm]
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Let p = ∞2 = 01, q = ∞1 = 02 ∈ X. If we letW = [(X r {p})/Gm] and consider f : W → X , we
obtain a 2-cartesian diagram
[(X r {p})/Gm]
∐
[(X r {p, q})/Gm]
p1
//
p2

[(X r {p})/Gm]
f

[(X r {p})/Gm]
f
// [C/Gm]
But [(X r {p, q})/Gm] ∼= Spec k
∐
Spec k and the projections p1, p2 :W ×X W →W correspond
to the inclusion of the two open points intoW which clearly doesn’t send closed points to closed
points.
Example A.7 (Condition (2)). Let C be the Deligne-Mumford semistable curve D ∪ E, obtained
by gluing a copy of E := P1 to a smooth genus g − 1 curve D at two points p, q. For simplicity,
let us assume that Aut(D, p, q) = 0, so Aut(C) = C∗. LetMss,1g be the algebraic stack of Deligne-
Mumford semistable curves F where any rational subcurve connected to F at only two points is
smooth.
We will show that Mss,1g fails condition (2), i.e. the closed substack Z := {[C]} fails to admit
a good moduli space. It is easy to see that there is a unique isomorphism class of curves which
isotrivially specializes to C , namely the nodal curve C ′ obtained by gluing D at p and q. Thus,
{[C]} has two points – one open and one closed. We will show that {[C]} is isomorphic to the
example given in Example A.6 of the quotient stack [X/Gm] of the nodal cubic X modulo Gm;
[X/Gm] does not admit a good moduli space because X is not affine.
To prove this, let us start by considering the constant family D × P1 with two constant sections
corresponding to p, q ∈ D. Blowing up this family at (p, 0) and (q,∞), taking the strict transforms
of the sections, and then identifying them nodally, we obtain a flat family of curves whose fibers
are C over 0 and ∞ and C ′ over every other point of P1. The corresponding map [P1/Gm] →
{[C]} is easily seen to factor through [X/Gm], and the corresponding map [X/Gm] → {[C]} is an
isomorphism.
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